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1. INTRODUCTION

With enthusiasm, style and dedication, our Groningen colleagues have made
the Dutch mathermatical community aware of the fact that here, 300 years ago,
Johann Bernoulli embarked on a professorship in mathematics which he was to
hold for 10 years. It was, therefore, easy to decide on a main character for this
lecture: Johann Bernoulli (see Figure 1).

While in Groningen, Bernoulli lived in ‘Oude Boteringestraat’. Yesterday
evening I went there to experience the feeling of walking in his footsteps. 1
must confess | did not experience much. In Oude Boteringestraat he left no
noticeable traces; but in mathematics he did. Yet there is always something
elusive in the relation between a person — a historical person or a contemporary
— and her or his longer-term significance for some field of knowledge. It seems
such an obvious question: This mathematician, what did he do? Or conversely:
This part of mathematics, who created it? But even a slight acquaintance with
historical literature on mathematics makes it clear that these questions are
much too simple. Not infrequently theorems are due to others than those whose
name they bear, and anyway there is always a story behind the naming. These
arguments of naming and origin concern the relation between mathematicians
and mathematics. The relation is at the same time elusive and fascinating. On
the one hand, there is the single person, the mathematician, whose writings
one can read, and by reading one can form an image of this person at work.
On the other hand, there is the millenia-old tradition of doing mathematics,
with its long-term changes which determined how we see mathematics now,
and why we find our mathematics self evident.

Considering these things I had little difficulty in finding, as well as the
protagonist, a focus for my lecture; it would have to be a piece of mathematics
with which Bernoulli was engaged around 1695 and which could serve to explain
the fascination which, for me, lies in the relation between the single person
and the great lines of the development of mathematics. Such a fragment of

! Opening Address at the 31st Dutch Mathematical Conference, Groningen, April 20 and
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o Ftcrsinint e Giessest, oies Hape Hruer Norsgeer o domy

Ficure 1. Johann I Bernoulli. From: Opera Omnia 1 (1742). Courtesy
University Library, Groningen

Bernoullian mathematics is indeed available. It is not a magnificent piece of
work, but neither is it without significance. It is about exponential curves and
the exponential formulas used to represent them.

2. BERNOULLI

Let me start with the person Johann Bernoulli. 1 imagine how, sometime late
January 1697, he walked through Oude Boteringestraat from his home to the
lecture room. He had just written a letter to Leibniz (Figure 2) in which
he mentioned exponential equations. He considered these as his intellectual
property (be it shared with Leibniz) — why he did so will become clear later
on. Exponential equations had appeared in publications in the previous few
yvears in a way with which Bernoulli was decidedly unhappy. This had to do
with a Dutch scholar. Bernard Nieuwentijt. Nieuwentijt (Figure 3) left hardly
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Ficure 2. Gottfried Wilhelm Leibniz

any traces in mathematics, but at that time he had published three works
of mathematics which created some uneasiness about the new differential and
integral calculus of Leibniz. In his books he had voiced several objections
against the fundamental concept of Leibniz’ new technique, namely the dif-
ferential. Bernoulli considered these objections nonsensical, but they did not
bother him and he gladly left the defence of the new method to Leibniz. Worse
was Nieuwentijt’s claim that Leibniz’ new method could not deal with expo-
nential equations. Nieuwentijt himself had presented some calculations about
these equations and had even derived a single correct result. How did Nieuwen-
tijt come to be interested in these equations? Bernoulli must have wondered
about that. Nothing really informative had been published about exponential
equations; only in the secure shelter of the private correspondence between
Bernoulli and Leibniz had they been dealt with. Two and a half years ago
Bernoulli had sent his version of the exponential calculus to Leibniz, as one of
the personal treasures which he proudly showed to the admired inventor of the
new differential and integral calculus. Leibniz had written back with praise,



I

Henk J.M. Bos

IFIcURE 3. Bernard Nieuwentijt

noting that he — Leibniz — had developed the same approach earlier but that
in some respects Bernoulli had come further than he. So, exponential equa-
tions were Bernoulli’s business. But now Nieuwentijt had really spoiled the
matter. Nieuwentijt could not differentiate exponential expressions (of course
he couldn’t; it was not that easy), so he had publicly alleged that this was a
weakness of the calculus. This had prompted Leibniz to publish the rules of he
exponential calculus in a brief article. He had mentioned that Bernoulli had
found the rules independently, but nevertheless the game had lost its suspense
and Bernoulli’s profit out of it was minimal.

Something had to happen — Bernoulli decided to publish his own version of
the exponential calculus. The article soon appeared in the March 1697 issue of
the journal Acta Eruditorum. Tt is this article ([53]) which T want to discuss in
the present lecture, but first some previous history has to be told. (For a short
chronology of the events around exponentials see Table 1.)

3. EXPONENTIAL CALCULUS

The context of Bernoulli's (as well as Leibniz’) version of the exponential cal-
culus was the differential calculus as first published by Leibniz in 1684. At
present we know the differential and integral calculus as a theory about func-
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tions, their dertvatives and their integrals, which themselves are also functions.
In its Leibnizian form the calculus was different; it was a theory of variables
and their differentials. Variables were the variable quantities in mechanical or
geometrical problem situations; thus the height and the velocity of a projectile,
or the coordinates of a point on a curve, were variables. Differentials were the
infinitely small increments or decrements of these variables, occurring if suc-
cessive (or infinitely near) stages (of the projectile in flight, or of the position
of points on the curve) were considered. Nieuwentijt’s objections in particular
concerned these infinitely small differentials. Leibniz’ calculus featured two
operations, differentiation, symbol d, and integration, symbol [ (Leibniz orig-
imally called it ‘summation’). In his first article on the calculus of 1684 ([12])
Leibniz had given the rules for differentiation of variable u, v:

diutv) = dustdv
dluv) = wdv+ vdu
L vdu . udv .
v e

The rules only concerned the algebraic operations addition, subtraction, mul-
tipliction, division and root extraction. In particular, they did not cover ex-
pressions in which the exponents were variable. The exponential calculus pro-
vided additional rules applicable to such exponential expressions. The rule that
Leibniz published in 1695 (in reaction to Nieuwentijt’s objections and with due
recognition of Bernoulli's independent discovery) was:?

d(u”) = u"log udv + vu" du . (1)

In the corresponding modern form (with functions instead of variables) it is
the familiar rule

(u”) = u’logu.v’ +ovu’ 1, (2)

in which ©» and v are functions of some independent variable ¢ and ’ indicates
differentiation with respect to t.

Now this was a really new result. The rule itself was new, but the essential
novelty lay in the fact that variable exponents had hardly been studied before.

amoemne e

2 [14] pp. 324.
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c. 1640 Analytic Geometry (Descartes, Fermat); equations involving +, —,
x, +, roots but ne variable exponents.

1679  Leibniz writes to Huygens about z* 4+ 2 = 30.

1682  (Feb.) Leibniz publishes the equation =* + = = 30 [11].

1684  (Oct.) Leibniz’s first article on the differential calculus [12].

1690-91  Leibniz discusses exponential equations in correspondence with Huy-
gens; he solves an inverse tangent problem, finding If—f’ = b*Y ag the
equation of the curve.

1692 (July) In an article in the Journal des S¢avans ([13]), Leibniz men-
tions exponential equations and the need to study the related curves.

1692 (Fall) Bernoulli develops his exponential calculus.

1694  Niewentijt publishes Considerationes ([17]) in which he claims that
the Leibnizian calculus cannot deal with exponential expressions.

1694  (Sept.) Bernoulli sends his treatise on the “Calculus Percurrens” to
Leibniz.

1695 (June) Review ([1]) of Nieuwentijt’s Considerationes in the Acta
Eruditorum.

1695  Nieuwentijt’s Analysis Infinitorum ([18]) appears.

1695  (July) Leibniz answers Nieuwentijt’s criticisms, publishes the
rules for differentiating exponential expressions, mentioning that
Bernoulli also, and independently, had found the rules ([14]).

1695  (Oct.) Bernoulli arrives in Groningen.

1696  Nieuwentijt publishes his Considerationes secundae ([19]).

1696  (Febr.) Review of Nieuwentijt's Analysis infinitorum in the Acta
Eruditorum ([2]).

1697  (March) Review of Nieuwentijt’s Considerationes secundae in the
Acte Eruditorum ([3]).

1697  (March) Bernoulli’s treatise on exponentials appears in the Acta
Eruditorum ([5]).

1697 (June) The Acta Eruditorum publishes excerpts from Nieuwentijt’s
Considerationes Secundae ([4]).

TABLE 1. Brief chronology of the events around exponentials.

4. VARIABLE EXPONENTS

Exponential expressions occur in formulas, and formulas are a relatively recent
phenomenon in mathematics. Viete was the first (around 1600) to introduce
letters to represent both unknowns and indeterminates. Descartes streamlined
this approach and in his writings we find algebraic formulas much like the ones
we are used to. Moreover, Descartes and Fermat elaborated the method of
representing curves by equations (in two unknowns) and thereby introduced
analytic geometry. However, their formulas only involved the operations +, —,
x, + and root extraction. In fact, for philosophical reasons, Descartes held that
only these operations ought to be accepted in pure, exact geometry. Thus there
were no formulas involving exponentials, logarithms or trigonometrie relations.
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It was Leibniz who first introduced variable exponents. In 1679 he wrote
to Christiaan Huygens about the equation ©* — & = 24, which can easily be
‘seen’ to have a solution & = 3, but for which none of the known methods of
solution of equations applied.” Huygens, however, saw no use for this symbolic
speculation. Leibniz also mentioned the equation briefly in an article published
in 1682 ([11]).

Some ten years later, Leibniz mentioned exponential expressions again to
Huygens. Their correspondence had been interrupted for some time, but in
1690 Leibniz resumed it and tried to convince Huygens of the power of his
new calculus. Huygens was sceptical* and suggested that Leibniz should test
his method on a number of problems. For this purpose Huygens took two
algebraic curves and calculated their tangents by methods that had been known
for some time. He introduced some rewriting of the resulting expressions so
Leibniz would not be able to guess what the curves were by reconstructing
the tangent calculation; then he sent the result to his correspondent with the
challenge to determine which were the original curves. Problems of this type
— to determine a curve from a given property of its tangents — had become
important at that time; they were called ‘inverse tangent problems’. In modern
terms they lead to first-order differential equations. Huygens determined the
tangents by calculating the so-called ‘subtangent’ o, which is the distance along
the axis between the points in which the tangent and the ordinate respectively
intersect the axis (see Figure 4). However, he omitted to make clear that he
took the subtangent to be positive if the tangent intersected the axis to the left
of the ordinate. As it happened, Leibniz used the opposite convention for the
sign of the subtangent. Thus Leibniz saw himself confronted with a different
problem than the one Huygens had in mind, in fact a more difficult one; its
solution was not an algebraic curve, it involved a logarithmic relation. Leibniz
wrote the equation of the curve he had found in terms of variable exponents:
ﬂ — B2y

- b

h

and sent this formula to Huygens. Understandably Huygens was unimpressed;
whatever the formula meant, it was not the correct solution; apparently Leibniz
was playing empty symbolic games which did not solve problems. It took
Leibniz a good number of letters to clear up the misunderstanding and to
convince Huygens that his new calculus was more than new notations for old
methods, but in the end Huygens did change his mind. Meanwhile, Leibniz
had once more mentioned variable exponents in an article; in 1692 ([13]) he
wrote about the equations z* + 7 = 30 and ¢® = ab®~!. The latter could
be solved by logarithms (r = ﬁ%}gg{%), but for solving the former (that is,
finding the obvious solution z = 3 by a general method), Leibniz asserted,
one needed non-algebraic curves. He probably had in mind that the solution
of ¥ + z = 30 was the z-coordinate of the point of intersection of the line

2 Letter to Huygens of Sept. 8, 1679, [10] vol. 8 pp. 214-219
The arguments I summarise here started with Leibniz’ letter to Huygens of July 25, 1690,
[10] vol. 9 pp. 448-452.







































