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In the academic world scholars make it to the top and become famous very
often because they are specialists, exceptionally good in a few things. Profes-
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sor Halmos has become a master in his mathematical carecr because he was
active and excelled in virtually every aspect of the mathematics profession.
Throughout his career, which now comprises more than 50 years, he has main-
tained a high standard. As a result he has become renowned as an educator
and teacher at all levels, active member of the AMS, the American Mathemat-
ical Society, and the MAA, the Mathematical Association of America, brilliant
expositor, author of influential undergraduate and graduate books, outspoken
reviewer, editor and founder of book series, interesting speaker and, of course,
as a respected researcher, competent in many fields of mathematics. In April
1965 Halmos was invited to present a survey lecture at the British Mathemat-
ical Colloquium in Dundee. Professor F.F. Bonsall iniroduced him and said (I
quote from [34], p.291):

“Professor Halmos may look like one mathematician, but in reality
he is an equivalence class and has worked in several fields including
algebraic logic and ergodic theory; this afterncon his representative
from Hilbert space will speak to us.”

In these fields Halmos is indeed a widely acknowledged expert.

Professor Halmos is Honorary Fellow of the Royal Society of Edinburgh and
member of the Hungarian Academy of Sciences. He has received an honorary
doctorate at the University of St. Andrews. For his mathematical exposition
he has won several prizes. The MAA awarded him: a Chauvenet Prize in
1946; two Lester R. Ford prizes, one in 1970 and one in 1976; and a George
Pélya award in 1983. The Chauvenet prize is the MAA's highest recognition
for mathematical expository writing. Around 1946 it was awarded every three
years and amounted to 50 dollars. In 1983 Halmos also received a Leroy P.
Steele prize. This prize is the only award for exposition given by the AMS.
Here is the citation:

“The award for a book or substantial survey or research-expository
paper is made to Paul B. Halmos for his many graduate texts in
mathematics, dealing with finite dimensional vector spaces, mea-
sure theory, ergodic theory and Hilbert space. Many of these books
were the first systematic presentations of their subjects in English.
Their felicitous style and content has had a vast influence on the
teaching of mathematics in North America. His articles on how to
write, talk and publish mathematics have helped all mathemati-
cians to communicate their ideas and results more effectively.”

For Halmos mathematics is a way of communication, and as a communicator
he is clear, observant, effective and stimulating, happy to give away the secrets
of the trade. Although Halmos has a profound love for letters and languages,
the writing, and for that matter, the teaching and the talks also, do not come
with ease. In his automathography [34] “I want to be a mathematician” Hal-
mos explains that they required a lot of rewriting, preparation, and rehearsal.
In an interview, the pianist, composer and conductor Leonard Bernstein said
he resented the suggestion that “since he is so talented, his successes come
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with ease”, because his achievements were obtained through hard concentrated
work, long working hours, and a lot of sweat. With the appropriate changes
this apparently also applies for Halmos.

In a somewhat provocative article [40] Rudy Kousbroek, essayist and writer,
who has studied mathematics and for a short time taught mathematics and who
on June 17, 1994, receives an honorary degree in philosophy from the Univer-
sity of Groningen, distingunishes between illiterates in arts, music and literature
on the one hand and illiterates in arithmetic and mathematics on the other.
“To be illiterate in the humanities is not *salonfihig”, to be illiterate in mathe-
matics unfortunately is.” To say in company that you were never very good in
mathematics, 1s not a disgrace and does not indicate a lack of intelligence, but
is often meant to imply that you are good in other things, languages, for ex-
ample. In his expository writings Halmos does not try to convert the illiterates
in mathematics. Nor those who have deliberately decided to dislike the exact
sciences and who should know better. (As an example, Kousbroek quotes Si-
mone Weil: “Money, Automation, and Algebra, the three monsters of modern
civilization.”} Halmos does not spend time trying to convince people ahout the
usefulness and applicability of mathematics. For Halmos the subject of mathe-
matics exists and needs no justification, only explanation and clarification. So
Halmos mostly directs his writings and public lectures to mathematicians and
other exact scientists. An exception to the rule is the paper [27] “Mathematics
as a creative art,” which is also addressed to nonmathematicians. It bridges a
gap between the literate and the layman. His thesis therein is: Mathology? in
the purest sensec 1s an art, best comparable with painting, more so than with
music or literature. Perhaps also the exposition [31] “Applied Mathematics is
bad mathematics” should be cited in this connection.

Paul Richard Halmos was born in Budapest on March 3, 1916, in Budapest.
He left Hungary to live in Chicago when he was 13 years old. In Hungary
children first go through four years of grade school and then through eight years
of sccondary school. In the U.S.A. it was (and still is) the other way around:
The elementary and middle school take eight years and the high school only
four years. Paul went to the gymnasium and had successfully completed the
first, three years before entering the United States. At the Hungarian consulate
in the U.S.A. “gymnasium” was translated as “high school” and, consequently,
Halmos skipped middle school, began his American education at a high school,
and graduated at the age of 15, ready to attend college. He chose to go to the
University of Illinois at Urbana-Champaign. To get a Bachelor’s degree usually
takes four years; it took Paul only three. Initially he worked for a Ph.D. in
philosophy, but changed to mathematics after two years. When he was 20 he
wrote his first publication [L1]. At the same time he learned to ride a bike and
to turn corners.

Halmos received his Ph.D. under J.L. Doob in probability and measure the-
ory when he was 22. The paper [12] was published in the Duke Mathematical

ZMathology is pure mathematics in contrast with mathophysics which is applied mathe-
matics. These terms were coined by Halmos, but they did not catch on. What did become
popular was his (re-?)invention of the abbreviation “iff" for if and only if.
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Journal under the title “Invariants of certain stochastic transformations: the
mathematical theory of gambling systems.” His work attracted the attention
of the local press. Arcund that time in Urbana-Champaign the city council
debated the issue of wine, women, and gambling. As a contribution to the dis-
cussion the local newspaper The Daily Illini interviewed Halmos and published
an article under the headline: YOU CAN'T WIN, SAYS P.R. HALMOS.
Halmos did not tell the outcome of the debate, but neither the interview nor
120 hand written applications led to a job. The University of Illincis came to
rescue and offered 1Talmes an instructorship for one year, After that ycar Hal-
mos decided to go at his own expense to THE Institute. That is, the Institute
for Advanced Study in Princeton, which in 1933 had begun its School of Math-
ematics. The first six professors were Alexander, Einstein, Morse, Veblen, von
Neumann, and Weyl. During his first year, in 1939, Halmos wrote the notes of
von Neumann's lectures on operator theory. This helped him to become von
Neumann's assistant for the next two years. The notes inspired Halmos to give
a course on the elementary theory of matrices. Half a year later he finished
his first book [13] “Finite dimensional vector spaces.” It was published in 1942
(so Halmos was 26) in the prestigious orange Annals of Mathematics Studies of
the Institute, as volume number 7, and later by Van Nostrand. This book had
a great impact on the teaching of mathematics at the American universities.
Many graduates in mathematics from the past two generations learned abstract
linear algebra from this book. The cooperation with von Neumann led to the
joint work [14] “Operator methods in classical mechanics, 11, a sequel to an
earlier paper of von Neumann.

After 1942 Halmos held positions at Illinois, Syracuse, Chicago (1946-1961),
Michigan (1961-1968), Hawaii, Indiana (1969-1984} with a two years stay in
Santa Barbara, California. He held visiting positions for various periods at the
Institute for Advanced Study, Montevideo, Miami, Harvard, Tulane, Seattle,
Berkeley, Edinburgh, and Perth. In Chicago Halmos stayed at the Division
of Mathematics, the graduate school of the University of Chicago. It was
one of the top research institutes of the United States. In Syracuse (1943)
he wrote the article [15] “The foundations of probability.” It was published
in the American Mathematical Monthly in 1944. It explains the strong rela-
tionship between probability theory and abstract measure theory, formulated
in A.N. Kolmogorov’s 1933 monograph [39] “Fundamental concepts of prob-
ability.” (Lebesgue’s measure theory was already common knowledge.) The
paper was meant to convince the mathematicians that probability is a branch
of mathematics. A couple of years after publication it was awarded the Chau-
venet prize. The year 1947-1948 was spent at the Institute and was supported
by a Guggenheim fellowship. Halmos used it to write the book [16] “Measure
Theory”, known by everybody in mathematics and which in the words of Doob
(see [7]):

i

. is still one of the few textbooks of measure theory to include
some probability theory...”
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In the spring quarter of 1959 Halmos worked at the University of Washington
in Seattle, where he wrote [21] *Naive Set Theory”; 34 years later this book is
still pleasant to read.

At Indiana University in Bloomingtom he was Distinguished Professor. For
almost 10 years now Halmos lives near and works in Santa Clara, California.
In January this year, he obtained a teaching award from the MAA. He was
called an

“accomplished, energetic, widely respected, and well-disposed
colleague... We are most pleased to excercise this opportuaity to
trumpet the extraordinary merit of this extraordinary teacher of
mathematics.”

For decades Halmos has been a stimulating leader of a school on operator
theory. How did he become a leader? By making problems. D. Hilbert [38] has
said:

“Solange ein Wissenszweig Uberfluss an Problemen bietet, ist er
lebenskraftig; Mangel an Problemen bedeutet Absterben oder Aufhéren
der selbstindigen Entwicklungen.” *

Halmos showed that the area of single operator theory was full of life. He
continually asked questions and raised problems and made them interesting by
giving examples, proving partial results, and by showing their relation with
other topics and theories. Some of the questions are still unanswered, to others
the answer is negative, but the counterexamples often led to a better insight
into the core of the problem. A good many of the problems were solved and
led to new theories or inspired others to develop their own theory, especially
mathematicians from North America and Romania. Most of his research and
expository papers on Hilbert space theory contain, besides alternative ways
of looking at the results of others (D. Sarason [43] speaks of a “Halmosian
treatment”), challenging new problems. Some of the outstanding problems
and updates on their solutions can be found in the papers [25] “A glimpse
into Hilbert space”, [28] “Ten problems in Hilbert space”, [29] “Some un-
solved problems of unknown depth about operators on Hilbert space”, [30]
“Ten years in Hilbert space”, and on the video recording [36] “Matrices I have
met”. Here are some examples of the topics on which Halmos has worked and
the names of some of the mathematicians that became active in this area or
in a related one. They are taken from the more comprehensive and compe-
tent accounts of Sarason [43] and J.B. Conway [4]; most of the relevant refer-
ences can be found there and are therefore omitted here. By a Hilbert space I
mean a separable Hilbert space and by an operator, generically denoted by A,
I mean a bounded operator on a Hilbert space.

(1) Unitary dilations. Halmos in 1950 (independent from G. Julia in 1944)
observed that a contraction (]|A|| < 1) on a Hilbert space can be dilated to

3 A branch of science is full of life as long as it offers an abundance of problems; a lack of
problems is a sign of death or puts an end to its development.
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a unitary operator on a larger Hilbert space. That is, there exists a two-by-
two matrix of operators in which the upper left entry is the given contraction
such that the matrix operator is unitary (4* = A~!). The proof is explicit and,
once you have seen it, quite simple. But the idea had far-reaching consequences.
B. Sz.-Nagy improved the result by constructing a unitary dilation of a con-
traction such that each of its positive powers is a dilation of the corresponding
power of the contraction. Eventually this lead Sz.Nagy and C. Foiag to their
famous book [44], which contains a complete theory of models of contractions.
These models are connected with the subject of the shift operator.

(2) Shifts. Halmos in 1961 analyzed the proof of the Beurling-Lax theorem on
the characterization of the shift invariant subspaces of the Hardy space of vec-
tor valued functions on the unit disc and provided an alternative proof based
on the notion of a wandering subspace for an isometry. His geometric approach
made it possible to generalize the Beurling-Lax theorem to shifts of countable
multiplicity. Unitary dilations, the Sarason-Sz.-Nagy-Foiag lifting theorem and
the Beurling-Lax-Halmos thecrem have been generalized recently to a Krein
space setting by Gr. Arsene, T. Constantinescu and A. Gheondea [1], M.A.
Dritschel and J. Rovnyak (8], and by J.A. Ball and J.W. Helton [3], respec-
tively.

(3) Subnormal and hyponormal operators. Since every operator is a scalar times
a contraction, Halmos’ observation implies that every operator can be dilated
to a normal operator {A*A = AA*). If the lower left entry in the normal matrix
can be chosen to be the zero operator, then the dilation is called an extension
and the operator {the one that is dilated) is called subnormal. Thus a sub-
normal operator is the restriction of a normal operator to one of its invariant
subspaces. (Example: T.L. Kriete, III and D. Trutt [41] proved in 1971 that
the Cesaro operator in £2 is subnormal.) Halmos gave an intrinsic characteri-
zation of subnormal operators and proved a spectral inclusion theorem. Both
results were improved by J. Bram, one of his Ph.D students, in 1955. It turned
out that subnormal operators are related to analytic functions and rational
approximation; see Conway’s monograph [5|. Halmos also defined what is now
known as a hyponormal operator (A*A > AA*); examples of such operators
appear in the theory of singular integrals.

(4) Invariant subspaces. If A is an operator on a Hilbert space, does A leave
invariant at least one subspace other than the zero or the whole space? This
problem is known as the invariant subspace problem; it is not due to Halmos,
but he indicated useful directions towards possible solutions. If 4 is normal
then, by the spectral theorem, the answer is yes. Halmos raised the question:
What is the answer if 4 is subnormal? T'welve years later, in 1975, S.W. Brown
showed that in that case the answer is also affirmative. In a different direction,
N. Aronszajn and K.T. Smith proved, using an idea of von Neuman, that ev-
ery compact operator A has a nontrivial invariant subspace. Then Smith and
Halmos asked if this remains true if A? is compact? In 1966 A. Bernstein and
A. Robinson proved that more generally, A has a nontrivial invariant subspace
if A is polynomially compact, that is, if p(A4) is compact for some nontrivial
polynomial p. They used nonstandard analysis, but Halmos showed that this
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was not necessary and translated the metaphysical language into the standard
one. Again Halmos analyzed the available proofs, and advanced the notion of
quasitriangular operator, expecting that that would be the key to the invariant
subspace problem.

(5) Quasitriangular operators. Every square matrix M is unitarily equivalent to
an upper triangular matrix: there exists an increasing sequence of projections
P, — I such that

MP, - P,MP, =10.

An operator A4 is called quasitriangular if there exists an increasing sequence
of finite rank projections P, — I such that

|AP, — P,AP,|| — 0.

Halmos discovered many results and gave interesting examples and a counter
example, namely the shift on £2; its adjoint is quasitriangular. Halmos posed
the problem: Does a quasitriangular operator have a nontrivial invariant sub-
space?  Although quasitriangularity was the key notion in the proofs of the
theorems of Aroszajn-Smith and Bernstein-Robinson, it turned out that the
question was in fact equivalent to the invariant subspace problem. Indeed,
it was shown that an operator A is not quasitriangular iff for some complex
number z, A — z is a semi-Fredholm operator whose index

ind (4 — z) = dimker (A — 2) — dim (ran (A — 2))*

is negative. (Note that the index of the shift on 2 is equal to —1.) The neg-
ativity readily implies that ran (A — z) does not span the whole Hilbert space.
If it is also nonzero then it is a nontrivial invariant subspace of A. If it is the
zero space, then A is multiplication by z, and every subspace is invariant. The
“if” part of the above characterization of nontriangularity was proved by R.G.
Douglas and C.M. Pearcy, the “only if” part by C. Apostol, C. Foiag and D.
Voiculescu. In 1973 V.I. Lomonosov proved in an entirely different way the
stronger result that if A is compact, then it has a nontrivial invariant subspace
with the property that it is also invariant under every operator that commutes
with A. He used the Schauder fixed point theorem. H. Langer proved the ex-
istence of certain invariant subspaces of definitizable operators in Krein spaces
in his thesis in 1965; for complete proofs and further references, see [42]. The
invariant subspace problem is still unsolved.

(6) Quasidiagonal operators. Quasidiagonal operators form a subeclass of the
class of quasitriangular operators, and the subclass contains the diagonal opera-
tors. An operator is diagonal if there exists an orthogonal basis of eigenvectors.
An operator A is quasidiagonal if there exists an increasing sequence of finite
rank projections P, — [ such that

AP, — PoAl| — 0.

This notion was used to provide an alternative proof of the Weyl-von Neuman
theorem that a selfadjoint operator (A* = A) is the sum of a diagonal operator
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and a compact operator (the closure of the set {Axz : [lz]] < 1} is compact).
The same is true for a unitary operator, as was shown by J.A. Dyer (see [28],
p.904). Halmos then posed the question if the theorem still holds for a normal
operator? Before the question was even published I.D. Berg showed that indeed
it also holds in that case. This result was an important step in the theory of
extensions of C'* algebra's developed by L.G. Brown, R.G. Douglas and P.A.
Fillmore, and in nonabelian aproximation.

(7) Nonabelian epprozimation. Here problems of the following type are studied:
Given a set of operators, what is its closure in the norm topology? Samples:
(a) Halimos showed that the set of irreducible operators is a dense Gy in the
algebra of all operators. Question & in [28] reads: Is every operator the norm
limit of reducible ones? Answer: ves, Voiculescu showed that this was a corol-
lary of the Weyl-von Neumann-Berg theorem.

(b) Apostol and Voiculescu proved that every quasinilpotent operator (|| A™| —
0, n — o0, or equivalently, the spectrum of A consists of zero only) is the norm
limit of a sequence of nilpotent operators (A™ = 0). This answered Problem 7
in [28].

The above list is, of course, not exhaustive. Halmos' contributions to oper-

ator theory also include papers on Toeplitz operators (for an account on these
papers, see 5. Axler [2]), commutators (operators of the form AB — BA), and
lattices of invariant subspaces. Halmos had a great impact on operator theory
through his famous Hilbert space books [18] “Introduction to Hilbert space and
theory of spectral multiplicity” (1951) and [26] “A Hilbert space problem book”
{1967). A striking feature in his works on Hilbert space theory, is that there
always is a reference to the finite dimensional case. Problems are explained and
often motivated by looking at their finite dimensional analogs first. Spectral
theory is developed with the finite dimensional case in the background. See,
for example, the video [36] mentioned before and his paper (24]: “What does
the spectral theorem say?” This linear algebra point of view in operator theory
differed from the point of view of the Russian and East European school, which
includes 1.M. Gelfand, M.G. Krein, M.S. Livsic, . and M. Riesz, B. Sz.-Nagy
and many others. There operator theory was treated in connection with com-
plex function theory.
I did not elaborate on the research contributions Halmos has made in the areas
as algebraic logic and ergodic theory. For a short introduction to his work in
ergodic theory, I refer to N.A. Friedman [10]; and for an interesting account
about algebraic logic (on “how to turn logic into an algebra™ and polyadic
algebras), I simply refer to the first sections of Chapter 11 of the book [34].
His studies in these two areas also inspired him to write books or notes on
cach of these subjects, namely [19]: “Lectures on Ergodic Theory™ (1956) and
[20] “Entropy in Ergodic Theory” (1959), in which he explains the hot news
about the notion of entropy that was just introduced by A.N. Kolmogorov and
Y.G. Sinai; and [22] “Algebraic Logic" (1962) and [23] “Lectures on Boolean
Algebras” (1963), which is a paperback text book. All in all, Halimos wrote 13
hooks.
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In his automathography [34] Halmos mentions that at the end of the fifties he
slowly begins to get more and more involved in the nonmathematical part of
his professional career. This includes refereeing, reviewing and editing, Many
mathematicians are asked to referee papers. That part of the job is secret.
Book reviews are not secret, and Halmos wrote 24 of those. They are can-
did and instructive and a pleasure to read. He also wrote little master pieces
called “Progress reports”, one page accounts on new mathematical results, its
history and its relevance. Halmos was editor of the Proceedings {1958-1963),
book review editor of the Bull. (1974-1979), both journals of the AMS, and,
in particular, made his name as main editor of the American Mathematical
Monthly of the MAA (1982-1987). As to mathematical publishing, Halmos
began this part of his career in 1955 as one of the editors for the Ergebnisse
series published by Springer-Verlag. In the late fifties he became co-editor with
J.L. Kelley of the University Series in Higher Mathematics published by Van
Nostrand. Shortly afterwards, he founded and co-edited with F.W. Gehring
the Van Nostrand Mathematical Studies, the first paperback series of math-
ematical “notes.” Later, he founded and edited the Springer series Graduate
Texts in Mathematics and Problem Books in Mathematics. He was also editor
for the Springer scries Undergraduate Texts in Mathematics.

Halmos is very knowledgeable about many fields of mathematics and their de-
velopments, and is well acquainted with the people working in them. This
becomes clear from reading his automathography [34], his book [35] “I have a
photographic memory” and, for example, his survey article [37] “Has progress in
mathematics slowed down?” written 4 years ago. In the survey paper he reports
on spectacular advances made in mathology in the past fifty years, including
the continuum hypothesis, distribution theory, transcendental numbers, sim-
ple finite groups, low-dimensional manifolds, K-theory and the Atiyah-Singer
index formula, and chaos and catastrophes. For a discussion of this paper,
see J. DIEUDONNE [6]. The book “I have a phatographic memory” consists of
photographs of the great and the less great mathematicians made by Halmos
himself. The automathography gives a fascinating insight into the mathemati-
cal life in an academic environment in the U.S.A. during the period 1930-1980.
It contains “sermons”: his advice and ideas on how to be a pro, how to be
a mathematician, how to do research, how to referee, how to supervise, how
to recommend, how to be an editor, etc., and it is full of anecdotes, provoca-
tive commentary and food for thought. An interview in 1982 with D.J. Albers
carries the headline: “Paul Halmos: Maverick Mathologist.” Perhaps it is be-
cause of his maverick nature, that Professor Halmos has become what he is: a
complete professional in mathematics.
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